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Abstract
We propose a new central synergistic hybrid approach for global exponential stabilization on the Special Orthogonal group
SO(3). We introduce a new switching concept relying on a central family of (possibly) non-differentiable potential functions
that enjoy (as well as their gradients) the following properties: 1) being quadratic with respect to the Euclidean attitude
distance, and 2) being synergistic with respect to the gradient’s singular and/or critical points. The proposed approach is used
to solve the attitude tracking problem, leading to global exponential stability results.
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1 Introduction
The rigid body attitude control problem has received a
growing interest during the last decade, with various ap-
plications in aerospace, marine engineering, and robotics
(see, for instance, Hughes, 1986; Joshi et al., 1995; Tayebi
and McGilvray, 2006; Seo and Akella, 2007; Sakagami
et al., 2010; Kreutz and Wen, 1988, to name a few). At-
titude control schemes can be categorized by the choice
of the attitude parameterization, such as Euler-angles,
unit quaternion, and modified Rodrigues parameters.
All these parameterizations fail to represent the attitude
of a rigid body both globally and uniquely, which results
in control schemes that are either singular or exhibit
the so-called unwinding phenomenon (Chaturvedi et al.,
2011). On the other hand, some research work such as
(Koditschek, 1988; Suzuki and Sakamoto, 2005; Sanyal
et al., 2009; Lee, 2012; Bayadi and Banavar, 2014), has
been devoted to the attitude control design directly on
the Special Orthogonal group SO(3), where the orien-
tation of the rigid body is uniquely and globally repre-
sented by a rotation matrix in SO(3).
Indeed, the group SO(3) has the distinct feature of be-
ing a boundaryless compact manifold with a Lie group
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structure that allows the design and analysis of attitude
control systems within the well established framework
of geometric control (Bullo, 2005).
The group SO(3) is not diffeomorphic to any Euclidean
space and hence there does not exist any continuous
time-invariant feedback on SO(3) that achieves global
asymptotic stability (Bhat and Bernstein, 2000). In
Koditschek (1988), for instance, a continuous time-
invariant control scheme has been shown to asymptot-
ically track any smooth reference attitude trajectory
starting from arbitrary initial conditions except from
a set of Lebesgue measure zero. This is referred to as
almost global asymptotic stability, and is mainly due to
the appearance of undesired critical points (equilibria)
when using the gradient of a smooth potential function
in the feedback. In fact, any smooth potential function
on SO(3) is guaranteed to have at least four critical
points where its gradient vanishes (Morse, 1934).
In Mayhew and Teel (2011a), a hybrid feedback scheme
has been proposed to overcome the topological obstruc-
tion to global asymptotic stability on SO(3) and, at
the same time, ensure some robustness to measurement
noise. The main idea in the latter paper is to design a
hybrid algorithm based on a family of smooth potential
functions and a hysteresis-based switching mechanism
that selects the appropriate control action correspond-
ing to the minimal potential function. It was shown
that a sufficient condition to avoid the undesired criti-
cal points, and ensure global asymptotic stability, is the
“synergism” property (given in Definition 1 later) of the
smooth potential functions. The angular warping tech-
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nique has been used in Mayhew and Teel (2011b), and
extended later in Casau et al. (2014) and Berkane and
Tayebi (2016), to construct central synergistic potential
functions on SO(3). In Mayhew and Teel (2013a) and
Lee (2015), different approaches have been adopted to
construct a non-central synergistic family of smooth
potential functions from which globally stabilizing con-
trol laws can be designed. It is important to mention
here that, in contrast to the non-central approach, the
control algorithm derived from each potential function
in the central synergistic family guarantees (indepen-
dently) almost global asymptotic stability results. It is
also worth pointing out that non-central and central
synergistic potential functions have been considered in
Mayhew and Teel (2013b) and Casau et al. (2015) to
ensure, respectively, global asymptotic and global expo-
nential stabilization on the n-dimensional sphere. How-
ever, the extension of these approaches to the full atti-
tude control problem on SO(3) is not straightforward.
In this paper, we propose solutions to the global ex-
ponential stabilization problem on SO(3) using hybrid
feedback. Specifically, our contributions can be summa-
rized as follows.
• We introduce a new exp-synergism concept for hy-
brid attitude control systems design on SO(3). This ex-
tends the central synergism concept introduced in May-
hew and Teel (2011b, 2013a) by imposing more restric-
tive conditions on the class of potential functions (not
necessarily differentiable everywhere on SO(3)) used in
the attitude control design. As such, significant advan-
tages are gained such as exploiting non-smooth potential
functions, which have been shown to ensure better per-
formance compared to the traditional smooth potential
functions Lee (2012); Zlotnik and Forbes (2016).
• We propose hybrid control schemes guaranteeing
global exponential stabilization of the single and double
integrator systems on SO(3) and SO(3) × R3, respec-
tively. The proposed schemes employ a switching mech-
anism that switches between different configurations of
exp-synergistic potential functions. In contrast to May-
hew and Teel (2011a), the hybrid switching allows to
avoid a singular 3-dimensional manifold (instead of a
finite number of critical points) where the gradient of
the potential function is not defined. In contrast to Lee
(2015); Mayhew and Teel (2013a), the proposed family
of exp-synergistic potential functions is central which,
as mentioned above, guarantees that each configuration
of the hybrid closed-loop system ensures almost global
asymptotic stability.
• For each of the proposed control schemes, we provide
an alternative design ensuring a smooth control input
without sacrificing the global exponential stability re-
sult. The proposed control smoothing procedure is much
simpler than the backstepping procedure proposed in
Mayhew and Teel (2013a).
• As an application of our approach, we present a solu-
tion to the rigid body attitude tracking control problem
guaranteeing global exponential stability. To the best of
our knowledge, there is no similar solution to the full
attitude tracking control problem in the literature.
2 Preliminaries and Problem Formulation
2.1 Notations
Throughout the paper, we use R, R+ and N to denote,
respectively, the sets of real, nonnegative real and nat-
ural numbers. We denote by Rn the n-dimensional Eu-
clidean space and by Sn the unit n-sphere embedded in
Rn+1. Given x ∈ Rn, the Euclidean norm of x is defined
as ‖x‖ =
√
x>x. For a square matrix A ∈ Rn×n, we de-
note by λAi , λ
A
min, and λ
A
max the ith, minimum, and max-
imum eigenvalue of A, respectively. Given two matrices
A,B ∈ Rm×n, their Euclidean inner product is defined
as 〈〈A,B〉〉 = tr(A>B) and the Frobenius norm of A is
‖A‖F =
√〈〈A,A〉〉. A function f : X → Y is a Ck func-
tion if all its first k derivatives exist and are continuous,
in which case we write f ∈ Ck(X,Y ).
2.2 Attitude representation
The orientation (or attitude) of a rigid body is repre-
sented by a rotation matrix R belonging to the special
orthogonal group SO(3) := {R ∈ R3×3| det(R) =
1, RR> = I}, where I is the three-dimensional iden-
tity matrix. The group SO(3) has a compact mani-
fold structure with its tangent spaces being identified
by TRSO(3) := {RΩ | Ω ∈ so(3)}. The Lie algebra of
SO(3), denoted by so(3) :=
{
Ω ∈ R3×3 | Ω> = −Ω},
is the vector space of 3-by-3 skew-symmetric matrices.
The inner product on R3×3, when restricted to the Lie-
algebra of SO(3), defines the following left-invariant
Riemannian metric on SO(3)
〈RΩ1, RΩ2〉R := 〈〈Ω1,Ω2〉〉, (1)
for all R ∈ SO(3) and Ω1,Ω2 ∈ so(3). The map [·]× :
R3 → so(3) is defined such that [x]×y = x × y, for any
x, y ∈ R3, where × denotes the vector cross-product
on R3. Also, let vex : so(3) → R3 denote the inverse
isomorphism of the map [·]×, such that vex([ω]×) = ω,
for all ω ∈ R3 and [vex(Ω)]× = Ω, for all Ω ∈ so(3).
Defining Pa : R3×3 → so(3) as the projection map on
the Lie algebra so(3) such that Pa(A) := (A − A>)/2,
one can extend the definition of vex to R3×3 by taking
the composition map ψ := vex ◦ Pa such that, for a 3-
by-3 matrix A := [aij ]i,j=1,2,3, one has
ψ(A) := vex (Pa(A)) =
1
2
[
a32 − a23
a13 − a31
a21 − a12
]
. (2)
The attitude of a rigid body can also be represented
as a rotation of angle θ ∈ R around a unit vector axis
u ∈ S2. This is known as the angle-axis parametrization
of SO(3) and is given by the map R : R× S2 → SO(3)
such that
R(θ, u) = I + sin(θ)[u]× + (1− cos θ)[u]2×.
2
For any attitude matrix R ∈ SO(3), we define |R|I ∈
[0, 1] as
|R|2I := tr(I −R)/4.
2.3 Exp-synergistic potential functions on SO(3)
Given a finite index setQ ⊂ N, we let C0 (SO(3)×Q,R+)
denote the set of positive-valued and continuous func-
tions U : SO(3)×Q → R+. If, for each q ∈ Q, the map
R 7→ U(R, q) is differentiable on the set Dq ⊆ SO(3)
then the function U(R, q) is continuously differentiable
on D ⊆ SO(3)×Q, where D = ∪q∈QDq ×{q}, in which
case we denote U ∈ C1 (D,R+). Additionally, for all
(R, q) ∈ D, ∇U(R, q) ∈ TRSO(3) denotes the gradient
of U , with respect to R, relative to the Riemannian
metric (1).
A function U ∈ C0 (SO(3)×Q,R+) is said to be a po-
tential function on D ⊆ SO(3) ×Q with respect to the
set A = {I} ×Q if: i) U(R, q) > 0 for all (R, q) /∈ A, ii)
U(R, q) = 0, for all (R, q) ∈ A, and iii) U ∈ C1(D,R+).
The set of all potential functions on D with respect to
A is denoted as PD, where a function U(R, q) ∈ PD
can be seen as a family of potential functions on SO(3)
encoded into a single function indexed by q.
Definition 1 (Synergism) Mayhew and Teel (2013a)
For a given finite index setQ ⊂ N, letU ∈ PSO(3)×Q. The
potential function U is said to be centrally synergistic,
with gap exceeding δ > 0, if and only if the condition
U(R, q)− min
m∈Q
U(R,m) > δ, (3)
holds for all (R, q) ∈ SO(3)×Q such that ∇U(R, q) = 0
and (R, q) /∈ A = {I} × Q.
Condition (3) implies that at any given critical point
(R, q), there exists another point (R,m) ∈ SO(3) × Q
such that U(R,m) has a lower value than U(R, q). The
property in Definition 1 has allowed to design attitude
control systems with global asymptotic stability results
Mayhew and Teel (2011a, 2013a). The term “central”
refers to the fact that all the potential functions R 7→
U(R, q) share the identity element I as a critical point
such that ∇U(I, q) = 0 for all q ∈ Q.
Definition 2 (Exp-synergism) For a given finite in-
dex set Q ⊂ N and D ⊆ SO(3)×Q, let U ∈ PD and the
set C ⊆ SO(3)×Q defined as
C := {(R, q) : U(R, q)− min
m∈Q
U(R,m) ≤ δ}. (4)
The potential functionU is said to be exp-synergistic, with
gap exceeding δ > 0, if and only if there exist constants
αi > 0, i = 1, . . . , 4, such that the following hold:
α1|R|2I ≤ U(R, q) ≤ α2|R|2I , (R, q) ∈ SO(3)×Q, (5)
α3|R|2I ≤ ‖∇U(R, q)‖2F ≤ α4|R|2I , (R, q) ∈ C, (6)
C ⊆ D. (7)
Definition 2 considers a wider class of potential func-
tions U ∈ PD and imposes more restrictive conditions as
compared to Definition 1. The exp-synergism property,
as will become clear later, plays an important role to en-
sure desirable exponential decay when using a gradient-
based feedback on SO(3). It can be verified that if U ∈
PSO(3)×Q is an exp-synergistic potential function then
it is synergistic as well. In fact, condition (6) implies
that the gradient ∇U(R, q) does not vanish expect at A
which is equivalent to condition (3). The opposite does
not hold in general.
2.4 Models and problem statement
Consider the following system on SO(3)
R˙ = R[u1]×, (8)
where R ∈ SO(3) represents the attitude state and u1 ∈
R3 is the control input. The stabilization control problem
for system (8) consists in designing appropriate input
u1 such that (R = I) is globally exponentially stable.
We also consider system (8) augmented by the angular
velocity dynamics
R˙ = R[ω]×, ω˙ = u2, (9)
where R ∈ SO(3) and ω ∈ R3 represent the state vari-
ables and u2 ∈ R3 is the control input. The objective is to
design an appropriate input u2 such that (R = I, ω = 0)
is globally exponentially stable.
3 Main results
In this section, we propose global exponential hybrid at-
titude control schemes on SO(3) for both systems (8)
and (9). For the sake of clarity, we present our main re-
sults in two parts. First, we propose an approach for the
design of hybrid control algorithms using a switching
dynamical system based on the gradient of generic po-
tential functions on SO(3). Basically, we derive the suf-
ficient conditions on these potential functions such that
global exponential stability of the closed-loop equilib-
rium point is guaranteed. We also show that the same re-
sults are guaranteed using continuous-time control laws
that are obtained via a dynamic extension of the orig-
inally derived hybrid controllers. Second, we provide a
systematic methodology for the construction of such po-
tential functions on SO(3), and derive the expression of
the control algorithms accordingly.
3.1 Global Exponential Feedback Control on SO(3)
In this subsection, we show that exp-synergistic poten-
tial functions are instrumental for the global exponen-
tial stabilization of (8) and (9). Let Q ⊂ N be a fi-
nite index set and U ∈ PD be a potential function on
D ⊆ SO(3)×Q. For a given δ > 0, the switching mech-
anism of the discrete state variable q, which dictates the
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current mode of operation of the hybrid control system 1 ,
is given by{
q˙ = 0, (R, q) ∈ C,
q+ ∈ arg minm∈Q U(R,m), (R, q) ∈ D,
(10)
where the flow set C and jump set D are defined by
C = {(R, q) : U(R, q)− min
m∈Q
U(R,m) ≤ δ}, (11)
D= {(R, q) : U(R, q)− min
m∈Q
U(R,m) ≥ δ}. (12)
It is worthwhile mentioning that the above hybrid mech-
anism, inspired by Mayhew and Teel (2011a), uses a
“min-switch” strategy to select a control law derived
from the minimal potential function among some family
of potential functions on SO(3). Such a control input for
systems (8) and (9) is given, respectively, in Theorem 1
and Theorem 2 proved in the Appendix.
Theorem 1 Consider system (8) with the control input
u1 = −kcxR(R, q), kc > 0, (13)
with xR(R, q) := ψ
(
R>∇U(R, q)), where q is gener-
ated by (10)-(12) and the map ψ(·) is defined in (2). If
the potential function U ∈ PD used in (10)-(13) is exp-
synergistic with synergistic gap exceeding δ, then the set
A = {I} × Q is globally exponentially stable.
Theorem 2 Consider system (9) with the control input
u2 = −kcxR(R, q)− kωω, kc, kω > 0, (14)
where xR(R, q) is defined as in Theorem 1. If the poten-
tial function U ∈ PD used in (10)-(12) and (14) is exp-
synergistic with synergistic gap exceeding δ, then the set
A¯ := {(R, q, ω) ∈ SO(3) × Q × R3 | R = I, ω = 0} is
globally exponentially stable.
Note that the proposed attitude control schemes are sub-
ject to discontinuous jumps due to the direct switching
in the hybrid controller configuration. However, the re-
sult of Theorem 2 can be used to design a continuous
control input for (8), which is generally more desirable
in practice. In fact, letting the input u1 in (8) be given
by the output of the dynamic system
u˙1 = −kωu1 − kcxR(R, q), u1(0) = u1,0, (15)
guarantees, by Theorem 2, global exponential stability
of the set As = {(R, q, u1) ∈ SO(3) × Q × R3 | R =
I, u1 = 0}. Using this observation, the attitude control
1 In this work, we make use of the recent framework for
dynamical hybrid systems found in Goebel et al. (2012).
scheme in Theorem 2 can be modified, by introducing a
simple dynamic system, to ensure the same global expo-
nential stability result using continuous control for sys-
tem (9). This is shown in the following result proved in
Appendix C.
Theorem 3 Consider system (9) with the control input
u2 = −kcxR,s − kωω,
x˙R,s = −ks(xR,s − xR(R, q)),
(16)
for some xR,s(0), where kc, kω, ks > 0 and xR(R, q) is
defined as in Theorem 1. If the potential function U ∈
PD used in (10)-(12) and (16) is exp-synergistic with
synergistic gap exceeding δ, then there exists a positive
constant ks such that for ks > ks > 0, the set A¯s :={(R, q, ω, x˜R) ∈ SO(3) × Q × R3 × R3 | R = I, ω =
0, x˜R = 0} is globally exponentially stable, where x˜R =
xR,s − xR(R, q).
Remark 1 The control scheme in Theorem 3 shows that
the hybrid controller (14) can be made continuous without
sacrificing global exponential stability. This is due to the
integral action on the hybrid term xR(R, q) which moves
the discontinuity one integrator away from the control
input. The same remark can be noted for the input (15).
The results in Theorem 1 and Theorem 2 (Theorem 3)
provide a unified method for the design of hybrid (con-
tinuous) attitude control algorithms for systems (8) and
(9), respectively, guaranteeing global exponential stabil-
ity. It is worth pointing out that, in addition to the struc-
turally simple expressions of the controllers proposed so
far, the results in this subsection reduce the stabilisa-
tion problem of systems (8) and (9), to the problem of
finding appropriate exp-synergistic potential functions,
in the sense of Definition 2, with some synergistic gap
that can be specified using the control parameters.
3.2 Construction of Exp-Synergistic Potential Func-
tions
In this work, we consider the following function
V (R) = 1−
√
1− |R|2I . (17)
Note that V in (17) is not differentiable on the set D¯V =
{R ∈ SO(3) | |R|I = 1} ⊂ SO(3) and is quadratic with
respect to its gradient, see (Lee, 2012). This makes it
a good candidate for the construction of exp-synergistic
potential functions on SO(3) as shown in the following
Proposition 1 proved in Appendix D.
Proposition 1 LetQ = {1, 2, ..., 6} be a finite index set.
Consider the transformation Γ : SO(3) × Q → SO(3)
defined as
Γ(R, q) = RR(2 arcsin (k|R|2I) , uq), (18)
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where 0 < k < 1/
√
2, um+3 = −um, m ∈ {1, 2, 3}, and
{u1, u2, u3} is an orthonormal set of vectors. Then, V ◦
Γ ∈ PD, where V and Γ are defined, respectively, in (17)
and (18), and D = {(R, q) ∈ SO(3) ×Q | |Γ(R, q)|I 6=
1}. Moreover, V ◦ Γ is exp-synergistic with a gap δ >
δ¯ := [−1+
√
1+4k2]
3
2
2
√
6k2
.
Remark 2 In Proposition 1, the transformation Γ(R, q)
can be seen as a perturbation to R about the unit vec-
tor uq by an angle 2 arcsin
(
k|R|2I
)
. This allows to
stretch/compress the manifold SO(3) in order to move
the singular points of V (R) to different locations on
SO(3). Note that the transformation Γ(R, q) in Propo-
sition 1 is different from the one proposed in Berkane
and Tayebi (2016) in the sense that (18) is specifically
designed, taking into account (17), to ensure the require-
ments of Definition 1. Consequently, the choice of the
set Q in Proposition 1 leads to hybrid controllers (10)-
(16) with six possible modes. This choice is due to the
nature of the singular manifold D¯V ≡ R(pi,S2) which
corresponds to the set of all rotations of angle pi around
any vector in S2. Roughly speaking, to avoid this singu-
lar manifold one needs to apply angular warping in at
least three different directions, where in each direction
the warping angle could be positive or negative. This will
be clear following the proof of the proposition.
Now, consider the potential function U(R, q) := V ◦
Γ(R, q) where V (R) and Γ(R, q) are defined in (17)-(18).
Noting that ∇U(R, q) = ∇|Γ(R,q)|2I
2
√
1−|Γ(R,q)|2
I
, and using (2),
(17)-(18), and the result of (Berkane and Tayebi, 2016,
Lemma 1 & 3), the expression of the proportional-like
term xR(R, q), used in (13)-(16), can be derived as
xR(R, q) =
1
8
Θ>q (R)
ψ(Γ(R, q))√
1− |Γ(R, q)|2I
, (19)
with
Θq(R) = R>(2 arcsin
(
k|R|2I
)
, uq) +
kuqψ(R)
>√
1− k2|R|4I
. (20)
Therefore, the following result holds.
Theorem 4 Consider system (8) (respectively (9)) with
the control input (13) or (15) (respectively (14)) where
q ∈ Q is generated by (10)-(12), withQ and the potential
function U(R, q) := V ◦ Γ(R, q) given in Proposition 1,
and the term xR(R, q) is given by (19)-(20). Pick the
scalar δ in (10)-(12) such that δ > δ¯, with δ¯ given in
Proposition 1. Then, the set A or As (respectively A¯) is
globally exponentially stable. In addition, in the case of
system (9) with the control input (16), there exists a gain
ks > ks > 0 such that A¯s is globally exponentially stable.
The proof of Theorem 4 follows by showing, from Propo-
sition 1, that the family of potential functions U(R, q) :=
V ◦ Γ(R, q) satisfy all the conditions of Theorems 1-3.
The results also show that the term xR(R, q) in (13),
(14) and (16) is well defined in the flow set. In fact,
since k2|R|4I ≤ k2 < 1/2, the quantity in (20) is well
defined. Also, using the fact that |Γ(R, q)|2I 6= 1, for all
(R, q) ∈ D, it follows that (19) is well defined on C since
C ⊆ D by virtue of the definition of the set C and the
fact that U(R, q) is exp-synergistic.
4 Application to Attitude Tracking on SO(3)
In this section, we use the proposed approach to the
attitude tracking control problem on SO(3). Consider
the attitude dynamics of a rigid body
R˙IB = R
I
B[Ω]×, JΩ˙ = [JΩ]× Ω + τ, (21)
whereRIB ∈ SO(3) represents the orientation of the rigid
body relative to I, Ω ∈ R3 is the angular velocity of the
rigid body, τ ∈ R3 is the input torque, and J ∈ R3×3
is the positive-definite inertia matrix of the rigid body
with respect to B. The control objective is to design a
feedback control law τ such thatRIB → Rd exponentially
for arbitrary initial conditions, where Rd(t) ∈ SO(3) is
a desired attitude satisfying R˙d = Rd[Ωd]×, for some
Rd(0) ∈ SO(3) and a desired angular velocity Ωd(t) ∈
R3.
Let R˜c := R
I
BR
>
d and ω˜c := Rd(Ω−Ωd) denote, respec-
tively, the attitude tracking error and the angular veloc-
ity tracking error. Also, consider the torque input in (21)
τ = −[JΩ]×Ω + J
(
Ω˙d − [Ωd]×Ω +R>d uc
)
, (22)
where uc is an additional input to be designed. Using
(21), with (22) and the property R>[x]×R = [R>x]× for
every x ∈ R3 and R ∈ SO(3), one can verify that
˙˜Rc = R˜c[ω˜c]×, ˙˜ωc = uc, (23)
which is similar to (9). Therefore, the following result
follows immediately from Theorem 4.
Corollary 1 Consider system (21) with (22). Let qc ∈
Q be generated by (10)-(12) with δ > δ¯ and the potential
function U(R˜c, qc) := V ◦ Γ(R˜c, qc), where Q, V (R˜c),
Γ(R˜c, qc), and δ¯ are defined as in Proposition 1. Also, let
uc in (22) be given as uc = −kcxR(R˜c, qc)−kωω˜c, where
kc, kω > 0 and xR(R˜c, qc) is given by (19)-(20). Then,
the set Ac := {(R˜c, qc, ω˜c ∈ SO(3) × Q × R3 | R˜c =
I, ω˜c = 0 } is globally exponentially stable. If, instead,
the continuous control input
uc = −kcxR,s − kωω˜c,
x˙R,s = −ks(xR,s − xR(R˜c, qc)),
is used, then there exists a gain ks > ks > 0 such that
the set Ac,s := {(R˜c, qc, ω˜c, x˜R) ∈ SO(3)×Q×R3×R3 |
5
R˜c = I, ω˜c = 0, x˜R = 0 }, with x˜R = xR,s − xR(R˜c, qc),
is globally exponentially stable.
5 Conclusion
We designed globally exponentially stabilizing hybrid
feedback schemes for the attitude dynamics. Our ap-
proach relies on a central family of potential functions
on SO(3) that enjoy (as well as their gradients) the fol-
lowing properties: 1) being quadratic with respect to
the Euclidean attitude distance, and 2) being synergis-
tic with respect to the gradient’s singular and/or critical
points. An explicit construction of such potential func-
tions achieving our control objectives, as well as a lower
bound on the synergistic gap, are provided. In addition,
we showed that it is possible to design continuous-time
control schemes for the same problems without jeopar-
dizing the global exponential stability results. The pro-
posed hybrid scheme is applied to the attitude tracking
problem on SO(3) leading to global exponential stabil-
ity; a result that was considered as the holy grail for
many years.
A Proof of Theorem 1
Let U ∈ PD, whereD ⊆ SO(3)×Q, be an exp-synergistic
potential function with gap exceeding δ. The closed loop
system (8) with (13) along the flow set C is written as
R˙ = −kcR
[
ψ(R>∇U(R, q)))]× = −kc∇U(R, q). (A.1)
Then, for all (R, q) ∈ C, the time derivative of U
along (A.1) is obtained as U˙(R, q) = 〈∇U , R˙〉R ≤
−kcα3 U(R, q), where we used (1) and (6) with (A.1).
Moreover, for all (R, q) ∈ D, one has
U(R, q+) = min
m∈Q
U(R,m) ≤ U(R, q)− δ ≤ e−λD U(R, q),
where λD = − ln(1 − δ/U¯) and U¯ := U(R(0, 0), q(0, 0))
is the initial value of U which, since U is decreasing, rep-
resents the maximum of U(R, q) along the trajectories of
(A.1). Consequently, we can apply the comparison prin-
ciple (Cai and Teel, 2009, Lemma C.1) to conclude that,
for all (t, j) ∈ dom (R, q),
U(R(t, j), q(t, j)) ≤ exp (−λ(t+ j))U(R(0, 0), q(0, 0)),
where λ = min{kcα3, λD} > 0. Finally, since in view of
(5) U is quadratic with respect to |R|I it follows that
the set A is globally exponentially stable.
B Proof of Theorem 2
Let U ∈ PD be an exp-synergistic potential function with
gap exceeding δ where D ⊆ SO(3)×Q. The closed loop
system (9) with (14) along C is given by
R˙ = R[ω]×, ω˙ = −kωω − kcxR(R, q), (B.1)
which is an autonomous system. The angular velocity ω
obeys dynamics of a first order linear filter with xR(R, q)
as an input. It follows that
‖ω(t, j)‖ ≤ ‖ω0‖e−kωt + kc
kω
sup
(t,j)∈R+×N
‖xR(R, q)‖
≤ Bω := ‖ω0‖+ kc
kω
√
α4/2,
where we have used the fact that, in view of (6), one has
‖xR(R, q)‖2 ≤ α4/2. To show exponential stability, we
consider the following Lyapunov function candidate
W(R, q, ω) = kc
2
U(R, q) + 1
2
‖ω‖2 + c ω>xR(R, q),(B.2)
for some positive constant c. In view of (5)-(6), one has
1
2z
>
1 M1z1 ≤ W ≤ 12z>1 M2z1, where z1 = [|R|I ‖ω‖]>,
and
M1 =
[
kcα1 −c
√
α4
2
−c√α42 1
]
, M2 =
[
kcα2 c
√
α4
2
c
√
α4
2 1
]
.
For all (R, q) ∈ C, the time derivative ofW along (B.1)
is given by
W˙ =kcxR(R, q)>ω + ω>(−kωω − kcxR(R, q))
+ cω>x˙R + cx
>
R(−kωω − kcxR)
≤− ckc‖xR‖2 − kω‖ω‖2 + cDx‖ω‖2 + ckω‖xR‖‖ω‖,
where we used the fact that x˙R(R, q) = X(R, q)ω for
some X(R, q) ∈ R3×3. Also, since SO(3) is a compact
manifold, we know that there exists Dx > 0 such that
‖X(R, q)‖F ≤ Dx. As a result, one can deduce that
W˙ ≤ −1
2
z>1
[
ckcα3 −ckω
√
α4
2
−ckω
√
α4
2 2(kω − cDx)
]
z1 = −1
2
z>1 M3z1.
It can be verified that matrices M1,M2 and M3 are pos-
itive definite for
0 < c < min
{
2
√
kc/α4,
4kckωα3
4Dxkcα3 + k2ωα4
}
,
and therefore, one has W˙ ≤ −λCW, for all (R, q) ∈ C,
where λC =
λmin(M3)
λmax(M2)
. Moreover, for all (R, q) ∈ D,
if the constant c is chosen sufficiently small such that
c < kcδ
8Bω
√
α4/2
, one obtains
W(R, q+, ω)−W(R, q, ω) =kc
2
(U(R, g)− U(R, q))
+ cω>
(
xR(R, g)− xR(R, q)
)
≤− kc
2
δ + 2cBω
√
α4/2 < −kc
4
δ.
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Hence W is strictly decreasing over the jump set
D. Also, since all signals are bounded, it follows that
there exists W¯ such that W(R, q, ω) ≤ W¯. Note
also that for all (R, q) ∈ D, one has U(R, q) ≥ δ
and therefore W(R, q, ω, x˜R) ≥ kcδ/2. This im-
plies that W(R, g, ω) ≤ exp(−λD)W(R, q, ω) where
λD = − ln
(
1− kcδ
4W¯
)
. Consequently, one can apply the
comparison principle [Lemma C.1, Cai and Teel (2009)]
to conclude that, for all (t, j) ∈ dom X,
W(X(t, j)) ≤ exp(−λ(t+ j))W(X(0, 0)),
where λ = min{λC , λD}. This shows, according to Teel
et al. (2013), that the equilibrium z = 0 is globally ex-
ponentially stable.
C Proof of Theorem 3
Let U ∈ PD be an exp-synergistic potential function with
gap exceeding δ and where D ⊆ SO(3)×Q. The closed
loop system (9) with (14) along C is given by
R˙ = R[ω]×,
ω˙ = −kcxR,s − kωω,
x˙R,s = −ks(xR,s − xR(R, q)), (C.1)
which is an autonomous system. The continuous vari-
able xR,s is the output of a first order linear system with
xR(R, q) being a bounded discontinuous input. There-
fore, xR,s is bounded and so is x˜R = xR,s − xR(R, q).
Let us denote Bx˜ such a bound. Also using a similar
argument one can show that the angular velocity ω is
bounded by some Bω. Consider the following Lyapunov
function candidate
Ws = kc
2
U(R, q) + 1
2
‖ω‖2 + c1x>Rω +
c2
2
‖x˜R‖2,
where c1 and c2 are some positive constants. It is clear
that, if c1 < 2
√
kc/α4, one has Ws is positive definite
with respect to A2,s. For all (R, q) ∈ C, the time deriva-
tive of Ws along the trajectories (C.1) is given by
W˙s =kcxR(R, q)>ω + ω>(−kωω − kcxR,s) + c1ω>X(R, q)ω
+ c1x
>
R(−kωω − kcxR,s) + c2x˜>R(−ksx˜R −X(R, q)ω)
≤− c1kc‖xR‖2 − kω‖ω‖2 − c2ks‖x˜R‖2 + c1kc‖xR‖‖x˜R‖
+ (kc + c2Dx)‖ω‖‖x˜R‖+ c1kω‖xR‖‖ω‖+ c1Dx‖ω‖2
≤− 1
2
z>1 P1z1 − 1
2
z>2 P2z2 − 1
2
z>3 P3z3,
where
P1 =
[
c1kcα3/2 −c1kω
√
α4/2
−c1kω
√
α4/2 kω − 2c1Dx
]
,
P2 =
[
c1kcα3/2 −c1kc
√
α4/2
−c1kc
√
α4/2 c2ks
]
,
P3 =
[
kω −(kc + c2Dx)
−(kc + c2Dx) c2ks
]
,
and z1 = [|R|I , ‖ω‖]>, z2 = [|R|I , ‖x˜R‖]> and z3 =
[‖ω‖, ‖x˜R‖]>. The matrices P1 and P2 are positive def-
inite provided that
0 < c1 < min
{
kckωα3
k2ωα4 + 2kcDxα3
,
c2ksα3
kcα4
}
.
Moreover, P3 is positive if one chose ks > ks := (kc +
c2Dx)
2/c2kω. In this case there exists λC such that W˙s ≤
−λCWs for all (R, q) ∈ C. Between jumps, we have for
all (R, q) ∈ D
Ws(R, g, ω, x˜R)−Ws(R, q, ω, x˜R)
≤ −kcδ
2
+ c1x
>
Rω
∣∣∣(R,g)(R,q) + c22 ‖x˜R‖2 ∣∣∣(R,g)(R,q) ≤ kcδ4 ,
where we further imposed that c1 < kcδ/16
√
α4/2Bω
and c2 < kcδ/8B
2
x˜. Hence, Ws is strictly decreasing
over jumps. Since all signals are bounded, there ex-
ists W¯ such that Ws(R, q, ω, x˜R) ≤ W¯. Note also that
for all (R, q) ∈ D, one has U(R, q) ≥ δ and there-
fore Ws(R, q, ω, x˜R) ≥ kcδ/2. Hence one can write
Ws(R, g, ω, x˜R) ≤ exp(−λD)Ws(R, q, ω, x˜R) where
λD = −ln
(
1− kcδ/4W¯
)
. Consequently, it follows that
A2,s is globally exponentially stable.
D Proof of Proposition 1
Let (η, ) and (ηq, q) be the quaternion representations
of the attitude matrices R and Γ(R, q), respectively. The
unit quaternion associated to R(2 arcsin(k|R|2I), uq) is
given by (
√
1− k2|R|4I , k|R|2Iuq). Note that, it can be
checked that |R|2I = ‖‖2. Therefore, in view of (18) and
using the quaternion multiplication rule, one obtains
ηq = η
√
1− k2‖‖4 − k‖‖2>uq, (D.1)
q = kη‖‖2uq +
√
1− k2‖‖4+ k‖‖2× uq. (D.2)
This leads to write
‖q‖2 = ‖‖2 + k2‖‖4η2 − cos2(ϕq)k2‖‖6+
2kη‖‖3
√
1− k2‖‖4 cos(ϕq)
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where ϕq is the angle between  and uq. Using the fact
that |η| · ‖‖ ≤ 12 , it follows that
‖q‖2 ≤ ‖‖2[1 + k + k2/4].
Moreover, since k < 1√
2
it is possible to show that
‖q‖2 ≥ ‖‖2
√
1− k2‖‖4
[√
1− k2‖‖4 − 2k|η| · ‖‖
]
≥ ‖‖2
√
1− k2‖‖4
[√
1− k2 − k
]
≥ ‖‖2
[
1− k2 − k
√
1− k2
]
.
On the other hand, one has |Γ(R, q)|2I = ‖q‖2 and
1
2
|Γ(R, q)|2I ≤ 1−
√
1− |Γ(R, q)|2I ≤ |Γ(R, q)|2I ,
thanks to the fact that |Γ(R, q)|I ∈ [0, 1]. Subsequently,
it follows that α1|R|2I ≤ V ◦ Γ(R, q) ≤ α2|R|2I with
α1 =
[
1− k2 − k√1− k2] /2 and α2 = [1+k+k2/4]. It
is easy to check that α1 and α2 are strictly positive for
all 0 ≤ k < 1/√2.
Next, we show that the potential function V ◦ Γ satis-
fies (6) of Definition 2. By (Berkane and Tayebi, 2016,
Lemma 3), one has det(Θq(R)) 6= 0 for all R ∈ SO(3).
This implies that the matrix Θq(R)Θq(R)
> is full rank
and positive definite for all (R, q) ∈ SO(3) ×Q. Let us
denote λ∗Θ, λ¯
∗
Θ > 0 the smallest, respectively greatest,
eigenvalue of Θq(R)Θq(R)
> for all SO(3)×Q. Then, in
view of (19)-(20), one has
λ∗Θ
64
‖ψ ◦ Γ‖2
1− |Γ|2I
≤ ‖ψ (R>∇(V ◦ Γ)) ‖2 ≤ λ¯∗Θ
64
‖ψ ◦ Γ‖2
1− |Γ|2I
.
Furthermore, it is straightforward to verify that
‖ψ(X)‖2 = 4ΦI(X)(1 − ΦI(X)), ∀X ∈ SO(3). It fol-
lows that
λ∗Θ
32
|Γ|2I ≤ ‖ψ
(
R>∇(V ◦ Γ)) ‖2 ≤ λ¯∗Θ
32
|Γ|2I .
Finally, one concludes that the potential function V ◦ Γ
satisfies condition (6) with α3 = λ
∗
Θα1/16 and α4 =
λ¯∗Θα2/32.
Let us show that the potential function V ◦ Γ sat-
isfies (7) in Definition 2. The potential function
V ◦ Γ is not differentiable only on the set D¯ :=
{(R, q) ∈ SO(3)×Q | |Γ(R, q)|I = 1} . Let us eval-
uate the transformations Γ(R, q) and Γ(R,m), de-
fined in (18), for some q,m ∈ Q on the set D¯.
Let Q = (η, ), Qq = (ηq, q) and Qm = (ηm, m)
be the quaternion representation of the attitude R,
Γ(R, q) and Γ(R,m), respectively. Let us define the
set D¯Q =
{
((η, ), q) ∈ Q×Q | ηq = 0, q ∈ S2
}
. Note
that the set D¯Q represents a double cover of the set D¯.
It is not difficult to show that |R|2I = 1 − η2, for all
R ∈ SO(3). Hence, one has
V ◦ Γ(R,m) = 1− |ηm|,
V ◦ Γ(R, q) = 1, ∀(R, q) ∈ D¯.
(D.3)
Therefore, if one guarantees that maxm∈Q |ηm| > δ, for
some δ > 0, then one has the condition C ⊆ D satisfied.
In view of (D.1) and for all (R, q) ∈ D¯, one obtains ηm−
ηq = ηm = k‖‖2>(uq − um). Moreover, since um+3 =
−um,m ∈ {1, 2, 3} there exist always three indices mi ∈
Q, i ∈ {1, 2, 3}, such that umi is orthonormal to umj , for
i 6= j and >umi has opposite sign to >uq. Therefore,
one has
max
m∈Q
|ηm| = k‖‖2 max
m∈Q
|>(uq − um)|,
≥ k‖‖2 max
mi∈{1,2,3}
|>umi | ≥ k‖‖3/
√
3.
Furthermore, for all (Q, q) ∈ D¯Q, equation (D.1) implies
that √
1− ‖‖2
√
1− k2‖‖4 = |k|‖‖3| cos(ϕq)|.
The above equation reads f(‖‖2) = 0 where f(x) :=
g(x)+sin2(ϕq)k
2x3, and g(x) := 1−x−k2x2. It is easy to
verify that f(x) and g(x) are decreasing on the interval
[0, 1] for all ϕq ∈ R. Therefore, since f(x) ≥ g(x), the
solution xf ∈ [0, 1] to equation f(xf ) = 0 is greater
than or equals to xg ∈ [0, 1], with g(xg) = 0. Thus, it
is clear that f(‖‖2) = 0 implies that ‖‖2 ≥ (−1 +√
1 + 4k2)/2k2. Finally, one concludes that max
m∈Q
|ηm| ≥
[−1 +√1 + 4k2] 32 /2√6k2.
References
Bayadi, R. and Banavar, R. N. (2014). Almost global
attitude stabilization of a rigid body for both internal
and external actuation schemes. European Journal of
Control, 20(1):45–54.
Berkane, S. and Tayebi, A. (2016). Construction of
synergistic potential functions on SO(3) with ap-
plication to velocity-free hybrid attitude stabiliza-
tion. IEEE Transactions on Automatic Control. DOI:
10.1109/TAC.2016.2560537.
Bhat, S. P. and Bernstein, D. S. (2000). A topological
obstruction to continuous global stabilization of rota-
tional motion and the unwinding phenomenon. Sys-
tems & Control Letters, 39:63–70.
Bullo, F. (2005). Geometric control of mechanical sys-
tems, volume 49. Springer Science & Business Media.
Cai, C. and Teel, A. R. (2009). Characterizations of
input-to-state stability for hybrid systems. Systems &
Control Letters, 58(1):47–53.
8
Casau, P., Mayhew, C. G., Sanfelice, R. G., and Silvestre,
C. (2015). Global exponential stabilization on the n-
dimensional sphere. In American Control Conference,
pages 3218–3223.
Casau, P., Sanfelice, R. G., Cunha, R., and Silvestre, C.
(2014). A globally asymptotically stabilizing trajec-
tory tracking controller for fully actuated rigid bod-
ies using landmark-based information. International
Journal of Robust and Nonlinear Control.
Chaturvedi, N., Sanyal, A., and McClamroch, N. (2011).
Rigid-body attitude control. IEEE Control Systems
Magazine, 31(3):30–51.
Goebel, R., Sanfelice, R. G., and Teel, A. R. (2012).
Hybrid Dynamical Systems: modeling, stability, and
robustness. Princeton University Press.
Hughes, P. (1986). Spacecraft attitude dynamics. John
Wiley & Sons Inc.
Joshi, S., Kelkar, A., and Wen, J.-Y. (1995). Robust
attitude stabilization of spacecraft using nonlinear
quaternion feedback. IEEE Transactions on Auto-
matic Control, 40(10):1800–1803.
Koditschek, D. E. (1988). Application of a new
Lyapunov function to global adaptive attitude track-
ing. In The 27th Conference on Decision and Control.
Kreutz, K. and Wen, J. T. (1988). Attitude control of
an object commonly held by multiple robot arms: A
lyapunov approach. In American Control Conference,
1988, pages 1790–1794.
Lee, T. (2012). Exponential stability of an attitude
tracking control system on SO(3) for large-angle
rotational maneuvers. Systems & Control Letters,
61(1):231–237.
Lee, T. (2015). Global exponential attitude tracking
controls on SO(3). IEEE Transactions on Automatic
Control, 60(10):2837–2842.
Mayhew, C. G. and Teel, A. (2013a). Synergistic hy-
brid feedback for global rigid-body attitude tracking
on SO(3). IEEE Transactions on Automatic Control,
58(11):2730–2742.
Mayhew, C. G. and Teel, A. R. (2011a). Hybrid control
of rigid-body attitude with synergistic potential func-
tions. In American Control Conference, pages 287–
292.
Mayhew, C. G. and Teel, A. R. (2011b). Synergistic
potential functions for hybrid control of rigid-body
attitude. In American Control Conference, pages 875–
880.
Mayhew, C. G. and Teel, A. R. (2013b). Global stabi-
lization of spherical orientation by synergistic hybrid
feedback with application to reduced-attitude track-
ing for rigid bodies. Automatica, 49(7):1945–1957.
Morse, M. (1934). The calculus of variations in the large,
volume 18. American Mathematical Soc.
Sakagami, N., Shibata, M., Kawamura, S., Inoue, T.,
Onishi, H., and Murakami, S. (2010). An attitude con-
trol system for underwater vehicle-manipulator sys-
tems. In IEEE International Conference on Robotics
and Automation (ICRA), pages 1761–1767.
Sanyal, A., Fosbury, A., Chaturvedi, N., and Bernstein,
D. (2009). Inertia-free spacecraft attitude tracking
with disturbance rejection and almost global stabi-
lization. Journal of Guidance, Control, Dynamics,
32(4):1167–1178.
Seo, D. and Akella, M. R. (2007). Separation prop-
erty for the rigid-body attitude tracking control prob-
lem. Journal of Guidance, Control, and Dynamics,
30(6):1569–1576.
Suzuki, H. and Sakamoto, N. (2005). An observer de-
sign and separation principle for the motion of the n-
dimensional rigid body. Transactions on the Society
of Instrument and Control Engineers, E-440:44–51.
Tayebi, A. and McGilvray, S. (2006). Attitude stabiliza-
tion of a vtol quadrotor aircraft. IEEE Transactions
on Control Systems Technology., 14(3):562–571.
Teel, A., Forni, F., and Zaccarian, L. (2013). Lyapunov-
based sufficient conditions for exponential stability in
hybrid systems. IEEE Transactions on Automatic
Control, 58(6):1591–1596.
Zlotnik, D. E. and Forbes, J. R. (2016). Non-
linear estimator design on the special orthog-
onal group using vector measurements directly.
IEEE Transactions on Automatic Control. DOI:
10.1109/TAC.2016.2547222.
9
